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Association Constants of Methanol
in Lattice ModelsT

JACEK DUDOWICZ, JAN STECKiI and ANDRZEJ PONIEWIERSKI

Laboratory No 3, Institute of Physical Chemistry,
Polish Academy of Sciences, 01-224 Warsaw, Poland.

(Received March 1, 1979)

The association constants of methanol in the gas phase and in the dilute solution of a nonpolar
solvent are calculated for a series of lattice models with the aid of the relations derived in the
previous paper.' A detailed discussion is given and a comparison is made with the results of
other statistical considerations.

1 INTRODUCTION

Although the lattice model cannot be treated as a good approximation to the
liquid state, it is a helpful tool for examination of effects of excluded volume,
specific interactions (i.e., hydrogen bonds), dispersion interactions between
solute and solvent molecules, and comparison of flexible and rigid mole-
cules. We have applied the lattice model to the calculation of association
constants for models of aliphatic alcohol molecules.

In the preceding paper! we introduced the chemical equilibrium laws into
the statistical description of the lattice model of a dilute aliphatic alcohol
solution in a nonpolar solvent and we obtained the expressions for the as-
sociation contants K°, in units of dimensionless density. Thus

K,"°=r,ﬂ(')2r.'l i=2,3,4,...
KP =T ~ T i=3,4,... M
whereindex * ¢ referstocycliccomplexes,I'; = g,/(g;- 19,), Tic = 9:/(gi- 191),

and n® = exp(— &), 13, = exp(—Beil).

t Supported by the Research Program 03.10.1.02.01 of the Polish Academy of Sciences.
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Here " is the energy difference which corresponds to the formation of the
successive linear complex A; (solvated), i) is that which corresponds to the
isomerization A; 2 A, g, is the number of configurations of one molecule
A, (per one lattice site) and B = 1/(kT). In the simplest case all ¥ are equal,
also the energy of isomerization is of the same order of magnitude, so that
n, = n. In this case n = exp[ — Bleon + &1 — & — Eor)], Where ¢;; denotes
the interaction energy between “i” and “j” *“contact points” (ggy represents
the association interaction of alcohol, &y and &o; represents the interaction
between an alcohol and a solvent and g, represents between molecules of
solvent). These contact energies have been introduced by Barker? many years
ago.

In passing we mention that the attempts to calculate the association con-
stants from statistical considerations are not numerous, the best-known
example being that of Sarolea-Mathot? (see however Refs. 4 and 5). In this
paper, basing on formulae (1), we calculate for a number of lattice models the
association constants of methanol. The influence of the chain length of the
alcohol molecule, was discussed in the previous paper.’

2 ASSOCIATION CONSTANTS OF METHANOL IN LATTICE
MODELS OF SOLUTION IN NONPOLAR SOLVENT

We assume that a solvent molecule is a monomer occupying one lattice site.
Then any configuration is in fact determined by the configuration of the
solute molecules, the solvent - merely filling the available holes. There is no
need to average over the configurations of the solvent—a difficult task
accomplished so far only in Monte Carlo simulations. The calculated values
of the entropic contributions I'; and I';. to the association constants K{°
and K are given in Table I. Table II contains the calculated values of K for
an assumed value of n and Table ITI contains a description of the correspond-
ing lattice models. In Table HI we show models of monomers (one methanol
molecule) and of dimers (two methanol molecules connected by the hydroger
bond); configurations of further successive complexes can be easily con-
structed by the same rules. Thus OH segments of two molecules must be
nearest neighbours and must interact by the “H” and “O” contact points
each alcohol molecule can form only one hydrogen bond with the hydroger
atom of a neighbouring molecule. The hydrogen bond is associated with ar
arrow and is directed from the “H” (acceptor) contact point to one of the
allowed “O” (donor) contact points. These allowed “O” contact point:
to differ from model to model as can be seen from Table III.

In the infinite dilute solution densities p, go into mole fractions x; anc
association constants expressed in mole fractions and in densities are equal
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TABLE 1
Entropic contributions to association constants of methanol-like molecules on the
lattice.
No The kind of model Lattice r, r, | r, | P
ta D 3 32 0 i o
The Barker model
ralVg
b () 3w o mg &
2a D % 3 0 2 0
The Sarolea model
L/
2 5ot o0 1 o
3 (] &+ & o & 4
3b Model A A 2 4 = 8 Hs
ol
3¢ () ¢+ & o
4a D i z 0 3 0
4 Model B /\ O S i 0
L
4c ‘ 3 % 0 f55: i3
s ] (I &5 s
5b Model C A i i + 5 0
!
5c ] 3 0 T4 7336
6  Model D AN P& ok A& sk

D simple square lattice (z = 4)
A triangular lattice (z = 6)

simple cubic lattice (z = 6)
i
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TABLE 11

Associgtion constants of methanol-fike molecules on the
lattice,4n units of dimensionless density p = N/B (1 = 25°C,

fon = — 19665 3/mol® eg, = &3 = 0.2 - £gn = — 3933 J/mol,
ey = 0.1 1oy = — 1966 Jymol; n = 258.1).

No K? K? K2 K Ke

ta 1291 121.0 0 107.5 1388

b 1721 166.0 0 1409 2276

2a 3226 1936 0 193.6 0

2b 2151 2151 0 215.1 0

3a 1936 193.6 0 1792 9252

b 2151 1979 1480 1964  482.7

I 251 215.1 0 2082  444.1

4a 6453  64.53 0 64.53  64.53

4b 4302 4302 0 4302 4302

4c 4302 4122 0 3898 8939

Sa 6453  64.53 0 4033 5204

5b 4302 3226 9252 2868 0

5c 4302 4302 0 39.66 4337

6 8603 7528 4626 6145 1983

In all considered models, except for the Sarolea model, the successive linear
association constants are equal or almost equal. If we neglect the existence o)
cyclic associated structures we get the Mecke-Kempter model’ with all
successive linear association constants (K ) equal. In the Sarolea model® the
dimerization constant is by an order of magnitude less than the constant of
the successive r-merization. The Sarolea reasoning leading to this con:
clusion, is as follows.

One assumes first that one alcohol molecule occupies one site of a lattice o
coordination number z and can rotate taking up p, = z orientations of equa
energy. Secondly the molecule linked by the hydrogen bond has only one o
the p,p;., possible orientations of two component molecules. From the
equivalent of Egs. (1), Sarolea obtained

K__1 Q
K 2:z-1)
Indeed if g, = p, = z, K, contains a factor (3)z/z%, whereas K contains :
factor [(Hz(z — DY[(F)z-z]. Thus K,/K,y = 1/[2(z — 1)]. Similarly fo
K, = K, one would have

ge _ Bz -1 _z-1
g3g - @z(z — 1)z z

and
K, 1

K, 2z-1
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The trouble is that these numbers correspond to a very special model of
association, illustrated by the following pictures

a) monomer O (z orientational configurations)
b) dimer OO (only one orientational configuration)

?

¢) trimer O> <0<, <O (only one orientational con-

figuration for the given spatial configuration of segments on the lattice).

It is easy to notice that such models of dimer and trimer are inconsistent. We
can directly improve on the Sarolea model in the simplest way, constructing
the model 4 (see Table I1I) in which one methanol molecule occupies also one
lattice site, has also one association contact point and z possible orientations
for the monomer. The successive complexes 4; in this model look as follows

a) monomer (O~

b) dimer O or O>é

c) trimer O>O>é) or O><?
O

In other words the hydrogen bond is directed (can be associated with an
arrow)—an assumption conspicuously absent from the Sarolea model. Then

g1 = 2 g, =2z —1) gs = 2(z — 1)*

where one (z — 1) factor always comes from the (assumed) (z — 1) orienta-
tional configurations of the terminal segment. Therefore

5_2=gz'9291 - g3 - 2z — 1) -
Ky  gi-9; 919y z-2z—1)

The ratio K ,/K; in the model! A is exactly equal to unity. The assumption of
Sarolea that the molecule linked by the hydrogen bond has only one of the
p1 - Pi-, possible orientations of two component molecules is well founded
for the case of an A — B association (acetone-chloroform) discussed in the
same paper.> Next, it is necessary to take into account the cyclic structures.
Then the total trimerization constant K, = Ki® + K¥°, obtained from
fitting the experimental data may give the ratio K,/K; < 0.2, although
K,/K4" ~ 1. In our model calculations (see Tables I and II) K,/K4" =
1 — 1.3 depending on the model, and K,/(K4" + K$°) = 0.045 — 0.16.

If the assumption of additivity of hydrogen bond energies in successive
complexes A, is made, we have in all equations (1) one energy factor 5 which

1
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apart from small solvent effects is equal to exp( — feqy). The recent quantum
mechanical calculations indicate that the hydrogen bond energies are not
strictly additive. Large differences were found for water complexes® but for
methanol molecules this nonadditivity is much smaller. Murthy et al.®
calculated that the hydrogen bond energy in linear methanol trimer (6.8 kcal
per mol of hydrogen bonds) is a bit larger than that in a dimer (6.46 kcal).
This correction can always be introduced into calculations of K, and K. A
more serious nonadditivity is expected for cyclic trimers. In the simplest
picture an energy 3eqy 1S evolved when a cyclic trimer dissociates into three
monomers compared to 2¢qy evolved for a linear trimer. Then the isomeriza-
tion constant for trimers should have an extra factor 1., ~ 1 = exp(— fégn).
Unfortunately we know of no quantum mechanical calculations which would
tell us how much n;, can differ from 5. We hope perhaps to gain some insight
from the detailed analysis of the recent excess heat capacity data'® in a very
wide temperature range for the systems of propanol in hydrocarbons.

3 ASSOCIATION CONSTANTS OF METHANOL—-LATTICE GAS
MODEL

In the simple lattice models each segment of molecule occupies one lattice site
and although the existence of the finite volume and the excluded volume of
moleculesis taken into account, we are very far from reality for real associating
molecules. One can modify the simple lattice model by allowing the giver
molecule to occupy several neighbouring lattice sites, with the rules o
occupation of sites, depending on the shape and size of the molecule. If we
placed the given model of the molecule on a finer and finer lattice, we coulc
more and more accurately take into account the real shape and size of the
molecule by appropriately constructing the rules for occupation of sites ang
groups of sites.

We have tried to find a sufficiently fine lattice which could accommodat:
stereochemically a realistic model of the associating methanol molecule. i
the case of alcohol molecules the lattice must fulfill the following conditions

a) ensure the real (approximately tetrahedral) angles between C—C—C
and C—O—H bonds within molecule

b) specifically ensure the correct geometry of the hydrogen bonds: on
alcohol molecule can form only one hydrogen bond with the hydrogen aton
of a neighbouring molecule; this hydrogen atom lies on the bisector ¢
directions of two lone electron pairs on oxygen atom, and O---O---O angl
ought to be about 120° (as proved most convincingly by the details of th
crystallographic structure of solid methanol).!!
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FIGURE | Mode! of methanol molecule on the hexagonal closed packed lattice; only one
plane of lattice sites is shown, — denotes “H™ contact point, @ denotes “O™ contact point.

In addition, it would be an advantage, if cyclic trimers and tetramers (but not
dimers) could be accommodated. We have found that on the hexagonal
closed packed lattice (z = 12) a reasonable model of methanol could be
constructed. In this model each methanol molecule is composed of two
different segments. The first segment contains the methyl group, the other
one contains the hydroxyl group so that the centers of the methyl group and
the oxygen atom are on two nearest neighbour lattice sites (see Figure I).
Thus the nearest intersite distance is determined as equal to the length of the
C—Obond (1.42 A) and scales all other distances on the lattice. The hydroxyl
segment has three association contact points: one “H” contact point in the
direction of the O— H bond and two * O contact points in specified locations
on the O surface. One “O” contact point, situated along the C—O bond,
takes part in cyclic complexes, the other one in linear complexes. Placing on
the hexagonal closed packed lattice one methanol molecule gives the excluded
volume of 140 lattice sites. The coordinations of the excluded lattice sites are
summarised in Table IV; values of the van der Waals radii for methy! group
and oxygen atom were adopted after Bondi'? (rcy, = 2.0 A,r, = 1.45 A)and
the influence of hydrogen atom of hydroxyl group, as much smaller than the
oxygen atom, on the volume exclusion is here neglected.

Taking into account these restrictions and conditions (a), (b) we cal-
culated the combinatorial factors g;. The corresponding numbers are

g, =12, g, =192, g, =786, gs. =16, g, =3072, g, =24
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TABLE 1V

Excluded lattice sites after placing one CH;OH molecule on hexagonal closed packed lattice
(coords. of C atom (0, 0, 0), and O atom (1, 0, 0)).

Cartesian coordinates of lattice sites forbidden for CH, and OH segments of other molecules.

(£2,0,0),(=1,0,0), (+3, +./30), (24 /3.0, G, £ /3,01 (1, +./3,0),(0, f/,/i,ox
(£2,1//3, /B (£ 1, 113, /B, 0, 1//3, 3. (23, 5/2/3). VB (£ 5/2/3), /3,
(23 ~1/2/3), /B (24 — 123, V3. G =112/, VD, (21, -21/3, /).

©, =2//3, /5, 2, =2//3. VD (2 =712/, V.G -1/2/3). S,

(£3 1023, = /B (25 1/2/3), —/B. G 1/2/3) - S (£1.21/3, - /B
0,2//3, = /B (2,23, = /D (24 112D, =SB G /2y 3) =3

(£2, = 1/3, = /B (£, = 1/3, = /D0, —1//3, =/, (23, —5/2/3) - /3.
(4, -5/2/3). = /B, (£, ]/fzfﬂ)' 2/D. (+5 1123, 28, (£ 1,2/./3,2/3),
©0,2V/3.2/3. (21, —114/3,2/3. 0. = 1,/3. /. @ - 111/3.2/%).

(+4, —5/3]3), 2%, (£ L14/3, =203, 0. 1//3, —24/3. Q. 13, ~2/3),

(24 5/2/3), 2D (+3 =123 —2/D. (24, - 1/2/3), -2/3)

(£1. =213, -2/3. 0, =2//3, -2/

Cartesian coordinates of lattice sites forbidden only for CH, segments of other molecules.

G.0,0,(—% £ /D0 (£2 £/3,01(+5 + D300 (-3 — 1123 VD G, 11/3.VD,
£ 5123 V3 (21,413, D, 0,4/3. SB (=2, =213, /. (=4 = T12/3), V3,
(=5 1/2/3), =D A(=221/3, = /D (=4 =1/2/3), - /B G, —11/3. - J3).

G -502/3), - D (21, =413, - /.0, =4./3, - /B G 1/2/3). 2/,

2. 214/3. 2/, (2. 7/2./3), 2f/§). (-2 ~14/3,2/3). (4 —5/2/3)2./3),

(=213 =23, (£3, 5/2/3), -2./3). G, -1/, -20/D. 2. =2//3, -2,/

(£4 -702/3). -2/3. (4 £ /3 £6).(£1,0, +./6), (0,0, +./6)

For the case of lattice gas, formulae (1) change to the form

g9, Vo
Ky=-— 2o,
P gi-191 kT

(3)

9ic Vo >

Ky = 2520y
d gi-191 kT

where v, = V/B is a volume per one lattice site and for the hexagonal close
packed lattice 1t is equal d?,/\/i. The quantity d, is the nearest neighbour
lattice site distance, equal the length of C—O bond (1.42 A). Comparing
relations (3) with relations (1) we have an extra term v, /k T which is connected
with passing from K7 = K7 to K,. Knowing v, and the g;'s we can calculate
association constants K ,; the results for various assumed values of hydrogen
bond energies are given in Table V.
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TABLE V

Examples of association constants of methanol in the lattice gas multisite modef in {atm ']

€on [J/mol}

K
[atmi'] — 12552 — 16736 -20920  —23305 ~25104 29288

25°C  657107* 3551073 1921072 5031072 104107' 562107!

40°C 491107*% 2451073 1221072 305107% 609107 304107!

K, 100°C 190 107* 73110°° 2811073 6071077 108107% 4181072
500K 507107% 139107 38010°* 674107¢ 104107 2841077

1000K 581107 960107° 159107°> 204107% 263107% 434107°

K, 25°C  657107* 355107% 1921072 5031072 104107' 562107!
K, 25°C  216107% 6331072 185 1.27 10} 5.42 10! 1.58 10°
K, 25°C  65710°% 355107 1921077 5031072 (0410°' 562107!
K. 25°C  8.10107% 2371077 693107' 450 2.03 10! 592107

The semiempirical literature values amount to K, = 5.67 1072 atm ™!

(25°C)'3, K5 = 4.69 atm ™! (25°C)'?, K, = 5.70 10~ ? atm ™! (40°C)!*. For
the hydrogen bond energy ¢oy = 23305 J/mol'? the dimerization constant is
in good agreement with literature data, whereas the trimerization constant is
about three times as large as the literature value. An important and early
study of organic associated vapours was made by Lambert, Rowlinson ez al.'¢
Their values of association constants (K,) are larger about one order of
magnitude than our values.

4 STANDARD STATISTICAL CALCULATION OF DIMERIZATION
CONSTANT OF METHANOL IN GAS PHASE

In this section we reject all approximations imposed by the lattice model and
calculate for the sake of comparison the dimerization constant (K,) of
methanol gas in a standard statistical way,"' 7-'8-1? using the following relation

1 h? \¥? z,.(4,)
—k_f amkT [zim(Al)]z

where z;,(A5) and z,,(4,) are the internal partion function of methanol
dimer and monomer, respectively, m is a mass of a single methanol molecule;
k is the Boltzmann constant, h is the Planck constant, T is the absolute
temperature. In a standard procedure the internal partition function z;,(A4;)
is given by

K,

zinl(Ai) = zroi(Ai)zvib(A i)zel(Ai)
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where z,,(4)), z,;,(4;) and z,,(A4;) are the contributions to z;,,(4;) of rotational,
vibrational and electronic degrees of freedom, respectively.
So

K,

1 ( H )3/2 Zea(A2) _zuin(A2)  Ze(42) C))

kT \amkT) [zl AT 2ain(A)T [2e(ADT

The first step is to take the known molecular geometry of the methanol
monomer and assume a molecular geometry for the dimer, (see the appendix
for details). ‘

In the dimer, besides the rotations of two methyl groups around their axes,
there occurs an additional rotation of single molecule around the O---O line.
In other words there are three degrees of freedom of internal rotation in the
dimer and one in the monomer molecule. Neglecting the energy barriers for
internal rotations, the rotational partition functions are

i 1 [8n3kT
Z,(Ay) = T ('_hz_> I(A,)

1 1 /873%T\3 )
Zrol(AZ) = szl'l SZ_TL'( h2 ) I(AZ)

where s, and s, are the symmetry numbers (s, = 3, 5, = 9) and I(A;) are
the reduced moments of inertia.!®29 These reduced moments amouiit to

I(A,) = 1.1172 10" 7® (g - cm?)?
I(A,) = 5.1145 107116 (g - cm?)?

The method of calculation of I(A;) is described in the appendix. So

Zu(Ay) 16504
[zrol(Al)]z B T

There are five new vibrational degrees of freedom of the dimer, created by
the formation of the hydrogen bond. Therefore the vibrational contribution
to K ,, in the harmonic oscillator approximation, is given by

[—%% [101 ~ exp(—phv)] " O
vib\ /%1 i=1

This equality is exact only when the frequencies of vibrations in the monomer
do not change when two monomers form the dimer. Because frequencies in
the monomer are rather high (hv; = 3680 cm ™' — 1000 cm ™ ') and changes
Av, are small (about few percents) Eq. (7) may be used. There are no literature

data on five fundamental frequencies of the hydrogen bond in the gas methanol
dimer. In this situation we selected the following five frequencies found in the

(6)

1
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TABLE VI
Examples of Association constants K, methanol gas from the standard statistical calculation.
ton[J/mol]

T[K] — 12552 — 16736 20902 —23305 —25104 —29288

298.15 865107 468107 2531072 66210°% 13710°' 74010
31315 664107¢ 33110°> 1651077 4131072 8241072 4.11 10!
K, 37315 289107 1111073 4291073 925107% 1.6510"% 637102
500 10210* 28010 7.6610"* 136107° 21010"% 573103
1000 3081075 509107° 843107° L12107¢ (3910°% 231 10°¢

low-temperature form of solid methanol as reported by Pellegrini et al;*!
hvy = 680cm™', hv, = 178 cm ™!, hvy = 146 cm ™', hv, = 108 cm ™!, hvg =
90 cm™1.

The electronic contribution to K, has the form

I3 z(A;z)
. [za(A1)]?

where go 1s the hydrogen bond energy.

Now using Egs. (4)-(8) we can calculate the dimerization constant K.
Values of K, for several temperatures and several hydrogen bond energies
are summarised in Table VI.

All K, values from the standard statistical method are larger than the
values calculated with the aid of lattice model (Table V). No differences in
order of magnitude appear for lower temperatures, for higher temperatures
differences are larger, but all respective values are contained within one order
of magnitude. In the lattice model we neglected completely the vibrational
degrees of freedom and replaced the translational and the rotational con-
tributions to K, with one term G, = g, B, whereas in the standard statistical
method we assume a free internal rotation and describe vibrations by the
harmonic oscillator approximation.

= exp(— Peon) ®)

5 DISCUSSION

We have applied the lattice model to the calculation of association constants
of model methanol molecules in the dilute solution of a nonpolar solvent
(K;) and in the gas phase (K,). In all considered models, except that of
Sarolea, the successive linear association constants (K°) are equal or almost
:qual and if we neglect cyclic complexes the Mecke~-Kempter model is
>btained with all KJ(K;® = K7) equal. The assumptions of Sarolea are
liscussed above in the text. Next it is necessary to take into account cyclic
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structures (specially trimers and tetramers). Then K,/(K4" + K$°) =
0.045 + 0.16 and K,/K" =1 + 1.3, depending on the assumed lattice
model. For alcohol molecules with steric hinderances the Mecke-Kempter
model is not obtained; the successive linear association constants pro-
gressively decrease (K$/KT = 2.25, K§/K¥ = 6.0 for the case of tert-

butanol and simple square lattice).

In all considered lattice models of methanol solution a nonpolar solvent
molecule is taken as a monomer occupying one lattice site and filling all
available holes. Then any configuration is determined by the configuration of
the solute molecules. Moreover, the shape and the size of alcohol molecule
is very seriously distorted. We have tried to avoid this for a model without
any solvent but with monomer holes (i.e., lattice gas). The dimerization con-
stant of lattice methanol calculated in such multisite model which keeps the
stereochemistry of CH,OH relatively undistorted, and allows for an existence
of cyclic trimers and tetramers, is in good agreement with semi-empirica
data whereas the trimerization constant is about three times larger than :
literature value'? whose reliability is difficult to assess.

We also carried out a calculation of K, for the methanol gas by the standarc
statistical method,!”*'®1% analysing the contributions to the dimerizatios
constant of different degrees of freedom. There was a serious difficulty wit!
the five new degrees of freedom of the methano! dimer, created by the forma
tion of the hydrogen bond. There are no literature data on the fundamentz
frequencies of the hydrogen bond. The dimerization constant strongl
depends on the adopted frequencies because these frequencies are low. W
select the five fundamental frequencies from the frequencies for a low
temperature form of solid methanol, published by Pellegrini et al.2! Th
calculated values of K, are larger than the results obtained within the lattic
models, but differences do not exceed one order of magnitude. In the standar
statistical method we use a high-temperature approximation to calculate tt
rotational partition functions and the harmonic oscillator approximation fc
the vibrational contribution to K, as can be seen from Eqgs. (4)-(8). In lattic
model calculation the vibrations of hydrogen bond were not taken int
account, and the translational and the rotational contributions were dete
mined together by one term G, = B-g, (the number of configurations of
dimer on a lattice). Here B is the number of lattice sites and corresponds !
volume V (which appears in the translational partition function) and ti
combinatorial factor g, represents the internal rotation and the rotation
the whole molecule.
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Finally all values of association constants will depend very strongly on the
value of hydrogen bond energy (possibly solvated for a solution). This value
must be known or assumed arbitrary.

APPENDIX

The molecular geometries of methanol monomer and dimer are shown in
Figures 2 and 3. As can be seen from Figure 2 the geometry of methanol is

IRAAN

’"t‘n,:M'

FIGURE 2 Methanol monomer; C, and C, points denote the mass centers of methyl and
aydroxyl groups, respectively.
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d
ch
a2
(4]
2
0
o,
CHy d

FIGURE3 Methanol dimer; hydrogen atoms of hydroxyl groups, as not affecting much on th.
value of moment of inertia are neglected.

slightly simplified in putting the C—O bond symetricaily with regard to th
CH,; pyramid. Then the reduced moments of inertia I(A;) are given by
I(4) = {F[u(a® + d%) + py(ai + d}) + E]
x [up(ad, — a; d)? + (ud? + p, dHEJ}?T
where F, E are the main moments of inertia of methyl group; F = I,,, E =
1. =1,,and yu, y, are the reduced masses defined as follows

MM, mm,

=— =—"""— My=m +m
M, + Myy 'V Ty amy 2T

u

I(A4;) = % ohda[det W(x)]'/%(9), det W(a) = W,(a)W,()*

A —J2 B|* E -2 K'|*
W@=|-J F 20|, W=|-J F D
B C G K 20 H

t These relations were derived by Mr A. Poniewierski
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where

A’ = [Asin®(a/2) + Bcosi(a/2) + G1/2

B’ = (D — K)cos(a/2)

C' = L cos(a/2)

E' = 2[4 cos*(a/2) + Bsin’(%/2) + G]

G' = 2[(B + E)sin®(%/2) + H cos*(%/2) + C]
H' = 2[(A + E)cos¥(a/2) + H sin’(a/2) + C]
K’ = 2D + K)sin(e/2)

A=pd?
B=M,d?
C=mP+ M,
D=Mad

G = Esin? a, + F cos? a,
H = Ecos? «; + Fsin® o,
K = (3)(F — E)sin 2a,

J =Fcosa,

L = Fsinag,

97

Similar expressions for reduced moments of inertia were obtained by K assel2°
who evaluated I for nonrigid molecules. We calculated the integral (9)
numerically, adopting the following values'' of bond lengths and angles
between bonds: do_y = 0953 A, dc_o = 1423 A, dc_y = 1.092A,dg..0 =
267 A,& C—O—H = 108.87°, xC—O---O = 119.03°. The final values are

I(4,) = 1.1172 10778 (g-cm?)? and I(4,) = 5.1145 107116 (g-cm?)*.
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